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THE TEACHING OF LIMITS AND CONVERGENCE 79 

THE TEACHING OF LIMITS AND CONVERGENCE TO 
SCHOLARSHIP CANDIDATES. 

I. 
1. The present paper is an attempt to sketch a mode of procedure for 

teaching Limits and Convergence to beginners. It is felt by many teachers 
that at present 

(1) the subject is introduced too academically; 
(2) that its Arithmetical foundation is not brought into sufficient pro- 

minence; 
(3) that therefore pupils leave school with only a very hazy notion of what 

it is all about: 

(4) that the investigation of the Convergence of such things as SV 

filling up page after page of our Algebras is rather profitless and 
barren of ideas. 

It is suggested that the subject should be introduced to the beginner in 
pretty much the same way as a teacher of Natural History introduces 
Botany. He makes his pupils examine individual plants, and points out 
their most obvious properties without attempting at first any systematic 
classification or process of reasoning. In this way the pupil will gain in 
the case of Convergence, as of Botany, some practical first-hand acquaintance 
with the phenomena to be looked for, and the use of the subject as a practical 
instrument. Then, and not till then, he will be in a position to appreciate 
the principles underlying the rigorous academic proofs. 

2. One might introduce the subject by pointing out that in every occupa- 
tion of life, men are continually engaged in arranging things in sequences 
obeying some fixed law. Thus in a class the master arranges his pupils in 
order according to their intellectual power in some given subject, e.g. 
Classics. If they also be arranged according to their mathematical abilities 
a different order or sequence will be obtained. The things to be arranged 
are the same in both cases, but the law defining the order or sequence is not. 

Consider the sequence of natural numbers 

1, 2, 3, 4, 5, 6,... 
as far as we care to go. 

There is one fundamental difference between the sequence involving the 
natural Inumbers and the former sequences involving the pupils. In the 
first case, the number of pupils at our disposal is limited; in the second 
case there is no limit to the number of integers at our disposal. 

We can construct sequences according to very many laws, and we shall 
use the natural numbers to label for purposes of identification the successive 
members of the sequence. 

Thus, suppose the sequence is that of the Prime Numbers, we obtain the 
following chart which may be continued as far as we please: 

Prime Numbers fLabel, - 1, 2, 3, 4, 5, 6, 7, 8... 
[Sequence, 1, 2, 3, 5, 7, 11, 13, 17... 

The Arithmetical Progression beginning with 3 and having 5 as the 
connmon difference may be tabulated thus: 

A.P. beginning with 3 and having 5 as common dlifference. 

Label, - 1, 2, 3, 4, 5, 6, 7, 8, 9, 10,... 
Sequence, 3, 8, 13, 18, 23, 28, 33, 38, 43, 48,... 
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3. We shall next consider some practical uses to which a sequence can 
be put. 

To approximate in decimal form to the positive square root of 2. 
Since n/2xJ/2=2, 1xl=l, and 2x2=4, 

we conclude that V lies between I and 2. This gives the first step in the 
sequence. 

Again by trial 1-4 x 1'4=1'96 and 1'5 x 1'5 = 2'25. 
Hence we conclude that %/2 lies between 1'4 and 1'5. This gives the 

second step in our sequence. 
Further, by trial of 1-40, 1'41, 1'42, 1'43,... 1'49, 

we obtain 1P41 x 1-41=1-9881, 1-42 x 1242 =20164, 
from which we conclude that ./2 lies between 1-41 and 142. 

Thus by a perfectly definite law, whereby each member of the sequence 
can be found from those that precede it, we can proceed by the method of 
sequences to find a succession of pairs of decimals, ever getting closer and 
closer, between which ./2 lies. We can exhibit these sequences on a chart 
thus: 

Sequences approximating to %/2. 

Label, - 1, 2, 3, 4 ... etc. 
Lower Sequence,1, - 1-4, 141, 11414 ... etc. 

Upper Sequence, - - - 2, 1'5, 1'42, 1'415 ... etc. 

Squares of Members of Lower Sequence, 1, 1'96, 1-9881, 1-999396 ... etc 
Squares of Members of Upper Sequence, 4, 2-25, 2'0164, 2'002225 ... etc. 

4. Many further points are to be noted in the above calculation. Suppose, 
for example, we wished to carry on the process until the members of either 
the upper or the lower sequence differed from [2/ by less than some given 
quantity, say '001. 

If the members of the lower sequence be denoted by 11, 12, 13..., 
and those of the upper sequence be denoted by u,, u2, u3..., 
we wish to find the indicator number n such that 

C/2- n .-001 

and u, - /2 001. 
Now since ./2 always lies between correspondilng members of the upper 

and lower sequences, it will be sufficient for our purpose to go on with the 
process until the gap between corresponding members of the upper and 
lower sequences be < 001. Then \/2 would differ from either by some 
quantity < '001. 

Corollary. If 1, differ from V/2 by some quantity < -001, it is evident 
that 1,n+, In+2, etc., all differ from X/2 by some quantity < -001. 

For 1,+l is greater than In since a decimal place has been added on to In to 
obtain 1,+,, and furthermore all the members of the lower sequence are 
each < %s/2 by the nature of the case. 

A similar result holds with regard to Un, un+l , un+2? etc. 
The tabulation of the gaps u-l - , u2 -12, etc., is of interest. 

Label, - - 1, 2, 3, 4, etc. 
Gap Sequence, 1, '1, '01, '001, etc. 

Also, if we remember that 2 lies between u2 and 12 the gap sequence 

u-, - 2, 3 ... 

is instructive in shewing the rapidity of the approximation. 
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Label, - - - 1, 2, 3, 4, etc. 

Gap Sequence u,2- 2, 3, 29, '0283, '002829, etc. 

5. Exactly the same process can be used to find by a sequence approxi- 
mate values for the cube root or the fifth root, etc., of any number. 

6. Sequence for an equation. 
Consider the equation x2 - 7x - 4 = 0. 
We have to find values for x such that y defined by 

y=2 - 7x-4 
shall vanish. 

Graphs shew that one root of the above equation is positive and the other 
negative. Trial shews that x=7 renders y negative and x=8 renders y 
positive. Our object is to find a value for x that shall make y vanish. We 
therefore construct by trial a pair of sequences, the corresponding members 
,of which are consecutive decimals, and such that the members of the lower 
sequence render y negative when substituted for x, while the members of 
the upper sequence render y positive. 

Label, - - 1, 2, 3, 4, etc. 
Values of x 

making y -ve 7, 7-5, 7-53, 7-531, etc. 
L 

Values of x } 
making y + ve, 8, 7'6, 754, 7-532, etc. 

U 

Lsstitution, - 25, - 0091, - 001039, etc. 

U-substitution, , 56, 0716, 007024, etc. 
7. Divergent Sequences. 
The subject of divergent sequences is not very difficult for the beginner 

to grasp, and can be introduced by the following illustration, which 
(unconsciously or not) we frequently apply to the affairs of everyday life. 

Suppose that the inhabitants of some town wished to erect a statue to 
Sir Walter Scott at a cost of ?2000. They were, however, unable to collect 
more than ?1500, and they decided to let it lie in the bank at Compound 
Interest till it amounted to the sum required for the erection of the statue. 

This leads at once to a sequence exhibiting the chief fundamental pro- 
perties of divergent sequences. 

Suppose the rate of Interest to be 5 % per annum. We have, on calcula- 
tion, the following chart: 

Year, - - - 1, 2, 3, 4, 
Sum deposited at 

beginning of 1500, 1575, 1653'75, 1736-4375, 
each year, J 

Year, - - - 5, 6, 7, etc. 
Sum deposited at 

beginning of 1823-259375, 1914'42234375, 20101434609375, etc. 
each year, J 

Thus we see that there will be sufficient money to erect the statue after 
six years. 

The following points should be noted about the above process: 
I. A definite law is given whereby the sequence is defined. 
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II. We may see intuitively that we can proceed until on and after a 
certain year the sum deposited exceeds any sum that is named, e.g. ?3000, 
?4000 or ?100,000. This of course requires proof. 

8. In many cases the law defining the sequence is given in a more 
academic form. 

Suppose that any three consecutive members of a sequence are connected 
by the following law: 

Pn = 4p.-1 + 5p,n_2. 
Then it is plain that if we be given the first two members of the sequence, 

all subsequent members can be computed successively by the above law 
of formation. Thus suppose that the first two members are 2 and 3. We 
then have the following chart: 

Chart of sequence defined by p, =4p,, + 5p,_,- where p =2 and p2 =3. 

Label, - 1, 2, 3, 4, 5, etc. 

Sequence, 2, 3, 22, 103, 522, etc. 
Here again it can be intuitively perceived that (1) there is a definite law 

defining the sequence, and (2) that we can find a definite member of the 
sequence, such that it and all subsequent members are greater than any 
definite number we choose to name, e.g. 300, 500 or 900,000. 

9. Hitherto, we have devoted our attention to numerical calculation and 
to the indication and intuitive perception of such phenomena as presented 
themselves. This, however, is not sufficient for rigorous reasoning, and one 
or two proofs of a more general nature might here be given. 

Example 1. To prove that it is possible to find a nmember of the sequeice 
121, 122, 123, ... 12'",... 

such that it and all subsequent members are greater than an?y definite number we 
choose to name. 

For example, let the given number be 958463. 
Then 958463 <106 and 126 > 06; 

.'. the sixth member and all subsequent members of the above sequence 
are > 958463. 

Otherwise. 12" =(1 + l1)", (n being supposed a +ve integer) 
> 1 + lln, (by the Binomial Theorem); 

.. 12 > 958463, 
if 1 + ln> 958463, 

i.e. if lln> 958462, 
i.e. if n > 87132j-. 

Hence the 87133rd member of the above sequence and subsequent members 
are >958463. 

N.B.-The first solution plainly gives the more convenient answer. 

Example 2. To shew that, given a suficient time, any sum of money collected 
(e.g. ?1500) and invested at Comnpound Interest (e.g. at 5 % per annum) is 
sufficient to erect a statue of any cost (e.g. ?3000). 

The sum deposited amounts after n years to 1500 x 1'05Y which is > 3000 
if 1 05 > 2. 

i.e. if (1+ '05)> 2, 
i.e. if 1+ 05n> 2; .' (1+ 05) > 1 + -05n, (Binomial Theorem), 
i.e. if n > 20. 

N.B.-It is not stipulated that the above methods give the earliest member 
of the sequence that exceeds the given quantity, but only that they g;ive a 
member greater than the giveil quantity. 

82 
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Example 3. This example is of a more academic type. 
To find a member of the sequence 

I 1 1+111 I 1 
, i + i4 , " i+4 .-... 

such that it and all subsequent members are greater than any assigned number 
(e.g. 1000). 

Any positive integer lies between two consecutive powers of 2, e.g. 41 lies 
between 25 and 26. Let n lie between 2" and 2K4'. 

~~1~1 2K 1 
Then 1 >1000 if - >1000. 

1 qm2 1 W 

Now 1=1 
IL 1 

a,+- > +. i.e. I, 
+ 6 +T+ > r 1++ , i.e. 1 

........................................................... 

1 1 1 1 
2 --+ 1 2 + 2... >+ - to 2'-1 terms, zie. 1; 

2K - 1 2K -1 2 2K 2K -2" K 

29c K 
. . 2- 1+-2 

2K >1+. 
l m 2 

2K 1 
Hence + ->1000 if 1+ >1000, i.e. if K>-1998, 

In 2 
whence the result is evident. 

10. At first sight the following might appear a feasible method of taxing 
a community so as to obtain a sufficient sum of money for the erection of 
a Town Hall. 

Suppose that ?3000 is wanted and that the inhabitants bind themselves to 
supply ?1000 the first year and to halve their donations every successive year 
until the required sum of ?3000 be reached. 

The donations and the sums in hand can be exhibited as sequences in the 
following chart: 
Year, - - - 1, 2, 3, 4, 5, 6, etc. 

Donation, - - 1000, 500, 250, 125, 62-5, 31-25, etc. 
Total sum collected, 1000, 1500, 1750, 1875, 1937-5, 1968-75, etc. 

The chart might lead us to expect that we should before very long reach 
the required sum of ?3000, and we thus learn that the intuitive method of 
viewing the charts of sequences, though frequently guiding us, may often 
lead us astray unless we are careful to verify by exact calculation. As a 
matter of fact we can never, by the above process of taxation, reach ?3000. 

For the sequence to be considered is as follows: 

1000, 1000 ooo(+ 1000 (1++ , . ., 1000 (1+ +...21 ..., 

i.e. by the ordinary method of calculating a Geometrical Progression, 
1 1 1 

n+ 22 2 2n+l 
1000, 1000 1000 ], ... 1000 ... 

1- - 1- - 1-- 2 2 2 
i.e. 

20 1 0(1(-), 2000(1-2), 2000(1- ), ., 2000(1-2,2+), .. 
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whence it is plain that all the members of the above sequence are less than 
2000, however far we like to go. It is therefore impossible by this method 
of procedure for the inhabitants of that community ever to reach ?3000. 

1 hope to deal with the Teaching of Convergent Sequences in a subsequent 
paper, and meanwhile beg to express my indebtedness to Dr. Charles M'Leod, 
Aberdeen Grammar School, for criticising the present article while in 
manuscript forlm. W. P. MILNE. 

ANALYSIS AND PROJECTIVE GEOMETRY. 
FEW branches of elementary mathematics have escaped reform in recent 
years; algebra, trigonometry, elementary geometry, statics, and the 
calculus have all been transformed to suit the practical needs of the 
time. But amid all this change, there have been few attempts to alter 
the methods employed in introducing students to the geometry of the 
conic. Dr. Filon, in his most interesting treatise on Projective 
Geomletry published in 1909, points out that students learn the same 
facts about the conic practically three times over, (1) analytically, (2) 
through a course of what is called "geometrical conics " based on the 
focus-directrix definition, and (3) projectively; and his book indicates a 
method of co-ordinating and uniting the last two systems of approach. 
Although it is undoubtedly the general custom in this country to start 
in the first place from the focus definition, it is worth while considering 
afresh whether this plan is really the most advantageous. 

It is interesting to note that historically this was not the starting point 
of the early geometers. It is true that the focus-directrix property was 
known to Pappus, but so far from being regarded as fundamental, it 
was actually lost sight of altogether, until attention was called to it by 
Newton. The geometrical investigations of Apollonius were based on the 
conception of the conic as the plane section of a cone, the advantages of which plan may be enumerated roughly as follows: 

In the first place, by the aid of a model it is easy to show the shapes of the different species of conics that arise, the nature of the transition 
from one to the other, and their relation to and dependence upon the 
circle. And this emphasises the sense of continuity which should link 
up the student's knowledge of circle-properties to the corresponding 
generalised conic-properties, and enables him to extend to the conic 
with valuable rapidity a whole class of properties of the circle, with 
which he is already familiar. To take a simple example, the existence 
of a diameter of a conic seems a mere accident when evolved from the 
focus definition, but under a projective treatment such an idea, so far 
from appearing a happy chance, is seen to be part of the logical harmony 
of the subject-and this with still greater clearness, if by the aid of 
analysis the methods of orthogonal projection are introduced at the 
start. 

And then, again, a factor of considerable importance is the novelty of idea with which the student is faced. The ordinary course of geo- metrical conies provides excellent practice in rider work, and may well 
supply a systematic acquaintance with the metrical theorems, but the 
methods employed are those to which he is already accustomed, and few, if any, of the ideas it yields are of a new character. Whereas the pro- jective treatment opens out to view a region of geometrical thought unlike anything that has been met with in the past, and so not only arouses interest, but also may be justly regarded as of real educational value. The conception of imaginary elements and the proper apprecia- tion of the meaning of ideal points or points at infinity and the 
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